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Quasi-polynomials and the Bethe Ansatz 

E MUKHIN 

A Varchenko 



We study solutions of the Bethe Ansatz equation related to the trigonometric Gaudin 
model associated to a simple Lie algebra g and a tensor product of irreducible 
finite-dimensional representations. Having one solution, we describe a construction 
of new solutions. The collection of all solutions obtained from a given one is called 
a population. We show that the Weyl group of g acts on the points of a population 
freely and transitively (under certain conditions). 

To a solution of the Bethe Ansatz equation, one assigns a common eigenvector 
(called the Bethe vector) of the trigonometric Gaudin operators. The dynamical 
Weyl group projectively acts on the common eigenvectors of the trigonometric 
Gaudin operators. We conjecture that this action preserves the set of Bethe vectors 
and coincides with the action induced by the action on points of populations. We 
prove the conjecture for 5Z2 ■ 

82B23; 17B67 



1 Introduction 

The Bethe Ansatz is a method to diagonalize a commuting family of linear operators, 
usually called Hamiltonians. The method is applied to Hamiltonians of numerous 
quantum integrable systems. Given a solution of a suitable system of equations (called 
the Bethe Ansatz equation), the Bethe Ansatz produces an eigenvector (called the 
Bethe vector). This paper is motivated by the Bethe Ansatz method applied to the 
trigonometric Gaudin model, see Markov, Schechtman and the second author [5, 15], 
and Section 5. 

For the case of the trigonometric Gaudin model the Bethe Ansatz equation and the Bethe 
vectors depend on an additional parameter, a generic g-weight A. The Bethe Ansatz 
equation has the form (3). The Bethe vectors have the form (15), see Proposition 5.1. 
The Bethe Ansatz equation (3) can be formulated as a system of suitable Wronskian 
equations for a tuple of polynomials y = (yi, . . . ,yr) of one variable, where r is the 
rank of g and the polynomials are labeled by simple roots of g, see Theorem 3.5. 
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For example, let = 5/2- The 5Z2 -weights can be identified with complex numbers. 
Consider the trigonometric Gaudin model associated to the tensor product of irreducible 
5/2 -modules with highest weights Ay, located respectively at points Zj- In this case, the 
Bethe Ansatz equation with parameter A G C is an equation on one polynomial y. The 
polynomial y satisfies the Bethe Ansatz equation, if and only if its roots are simple and 
there exists another polynomial y such that 

y'{x^+'y) - y{x^+'y)' = x^\{{x-Zj)^' • 

j 

For a given y and a non-integer A, the polynomial y is unique. One can show that for 
almost all A , the roots of y are simple. Moreover, if the roots of y are simple, then 
the polynomial y also satisfy the Bethe Ansatz equation but with the new parameter 
—A — 2. Thus from one solution of the Bethe Ansatz equation with parameter A (the 
polynomial y) we obtain another solution with parameter —A — 2 (the polynomial y). 
We call this procedure the simple reproduction procedure. 

For an arbitrary simple Lie algebra g , there is a similar simple reproduction procedure 
associated with every simple root of q . Consider an r-tuple y = {yi, ... ,yr) of polyno- 
mials forming a solution of the Bethe Ansatz equation associated with a generic g-weight 
A. Then we have the /-th simple reproduction procedure for / = 1, . . . , r. The /-th sim- 
ple reproduction procedure constructs a new tuple /'^ = (yi, . . . ^yi-i,yi,yij^i, . . . ,yr) 
under certain conditions. 

We call an r-tuple of polynomials y = {yi, . . . ,yr) fertile with respect to A if the /-th 
simple reproduction procedure is well-defined for / = 1, . . . , r. In particular, if y forms 
a solution of the Bethe Ansatz equation associated to A, then y is fertile with respect 
to A. Moreover, if the /-th simple reproduction procedure results in a generic (in an 
appropriate sense) r-tuple y^^^ , then j*^'^ also forms a solution of the Bethe Ansatz 
equation associated to the weight Si • \, where Si is the /-th elementary reflection in the 
Weyl group of g. It follows that the r-tuple y^'^ is fertile with respect to 5'; • A. 

We call an r-tuple of polynomials y super-fertile with respect to A if all iterations of 
the simple reproduction procedures are well defined. We conjecture that if y forms a 
solution of the Bethe Ansatz equation then y is super-fertile. We prove the conjecture 
for simple Lie algebras of type Ar,Br. 

The set of all r-tuples obtained from a given super-fertile r-tuple by iterations of 
simple reproduction procedures is called a population. 

For simple Lie algebras, we prove that the population obtained from a super-fertile 
r-tuple associated to a generic weight A contains exactly one r-tuple associated to 
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every weight of the form w • A , where w runs through the elements of the Weyl group 
of g. We also prove that the population does not contain any other r-tuples. This 
one-to-one correspondence between the tuples of the population and the weights of 
the form w ■ X, allows us to introduce a free and transitive action of the Weyl group 
on points of the population. Then the action of simple reflections is given by the 
simple reproduction procedures. The proof is based on the important fact that in the 
case of Ar , the populations are in one-to-one correspondence with certain spaces of 
quasi-polynomials, see Corollary 4.4. 

If all elements of a population are generic and therefore correspond to solutions of 
the Bethe Ansatz equation, then we have an action of the Weyl group on the set of 
the solutions. In particular this defines an action of the Weyl group on the set of the 
associated Bethe vectors, considered up to proportionality. 

On the other hand, the dynamical Weyl group commutes with the trigonometric Gaudin 
operators and projectively acts on eigenvectors of the trigonometric Gaudin operators, 
see Tarasov and the second author [18] and Lemma 5.5. 

We conjecture that the action of the dynamical Weyl group maps the Bethe vectors 
to (scalar multiples of) the Bethe vectors and moreover, the two actions on the Bethe 
vectors coincide. We prove this conjecture for q = sl2. 

The reproduction procedure exists for solutions of the Bethe Ansatz equations associated 
with many quantum integrable models. In Sections 6, 7 we give two other examples of 
the situation in which the corresponding Bethe Ansatz equation admits a reproduction 
procedure and prove that the elements of the corresponding populations are also labeled 
by the elements of the Weyl group. These examples are related to the quasi-periodic 
Gaudin and XXX models. In joint work with Tarasov [7], we apply the results of 
Sections 6 and 7 to study the Bethe Ansatz of (gl!^,glM)-dual quasiperiodic Gaudin 
and XXX models. 

The notions of the reproduction procedure and populations for the Bethe Ansatz equation 
of the Gaudin and XXX -type models were introduced in our papers [9, 13], see also 
[8, 10]. The populations in that situation are shown to be isomorphic to the flag variety 
of the Langlands dual algebra q^ for all simple Lie algebras in the case of the Gaudin 
model by Frenkel [3] and the authors [11], and for the XXX -type model by the authors 
[10]. 

The paper is constructed as follows. Section 2 contains notation and definitions. In 
Section 3 we define the reproduction procedure and populations. In Section 4 we prove 
that for simple Lie algebras, the Weyl group acts freely and transitively on the elements 

Geometry &. Topology Monographs 13 (2008) 



388 E Mukhin and A Varchenko 

of a population. In Section 5 we discuss two actions of the Weyl group on the Bethe 
vectors, the one given by the action of the dynamical Weyl groups and the one given by 
the reproduction procedure. We compare them in the case of sl2. In Sections 6 and 
7 we describe two more examples of the situation in which the Bethe Ansatz admit 
a reproduction procedure and the the Weyl group acts freely and transitively on the 
elements of a population. 

Acknowledgements We thank V Tarasov for many valuable discussions. 

Research of EM is supported in part by NSF grant DMS-0601005. Research of AV is 
supported in part by NSF grant DMS-0244579. 

2 Master functions and critical points 

2.1 Kac-Moody algebras 

Let A = {aij)\-^ be a generalized Cartan matrix, an = 2, a^y = if and only ap = 0, 
Uij E Z<o if / ^ j. We assume that A is symmetiizable, there is a diagonal matrix 
D = diagjJi , . . . , dr} with positive integers cf, such that B = DA is symmetric. 

Let = g(A) be the corresponding complex Kac-Moody Lie algebra (see Kac [4, 
Section 1.2]), f) C g the Cartan subalgebra. The associated scalar product is non- 
degenerate on (]* and dim f) = r + 2J, where d is the dimension of the kernel of the 
Cartan matrix A. 

Let a, G f)* , a- G \), i = 1 , . . . , r , be the sets of simple roots, coroots, respectively. 
We have 

{ai,aj) = diUij, 

(A,a^) = 2(A, «,)/(«;, Or), X € \}* . 

Let V = {X£l)*\ (A, qV) g Z} and V+ = {X £ i)* \ (A, a/) e Z>o} be the sets of 
integral and dominant integral weights. 

Fix p G f)* such that {p,a/) = I, i = \, . . . ,r. We have (p, a,) = (a,-, aO/2. 

The Weyl group W G End(f)*) is generated by reflections Si, i = \, . . . ,r, 

Si(X) = A — (A, a/)ai, A G ()*. 

We use the notation 

w A = w(A + p)-/9, wGW, AgI)*, 

for the shifted action of the Weyl group. 
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2.2 The definition of master functions and critical points 

We fix a Kac-Moody algebra g = q{A). We fix A = (A,);Li , A,- G P+ ; z = {zi)'l^^ G 
C". We assume Zi 7^ and Zi 7^ Zj if i i^ j- The parameters A,z are always fixed and 
we often do not stress the dependence of our objects on these parameters. 

In addition we choose A E f)* and Z = (/i, ...,/;-) G Z>q. The choice of / is equivalent 
to the choice of the weight at infinity Aqo defined by the formula: 

n r 

(1) Aoo = J^A,-^/;a,EP. 

.v=l (=1 

The master function <^{t\ Aqo, A) is defined as follows (see Felder, Schechtman and the 
second author [2, 15]): 

(2) ^{t; Aoo , A) = n ncf )-^''"'^ n n iw - ^^r ^^^-"'^ >< 

i=\ i=\ i=\ j=\ s=\ 

n n (if-^r-''-' n iiwp-^r-^'-''- 

i= 1 1 <;-<i< /, 1 < (•<;•< rs=lk=l 

The master function <I> is a function of variables t = (f- ^1, '■' ' . 

The master function ^ is symmetric with respect to permutations of variables with the 
same upper index. 

A point t with complex coordinates is called a critical point associated to (A, z', Aoo , A) 
(we often write just (Aoo , '^)) if the following system of algebraic equations is satisfied 

n I 

V .v=l 7 ^' .V, sj^i k=l V ^k s, s^j V ^' 

where / = 1 , . . . , r , 7 = 1 ,...,/; . In other words, a point t is a critical point if 

[^ 1-^ (?;Aoo,A) = 0, r = l,...,r,7 = !,...,/;. 

Note that the product of symmetric groups Si = Sl^ x ■ ■ ■ x 5/,. acts on the critical set of 
the master function permuting the coordinates with the same upper index. All orbits 
have the same cardinality Zi ! . . . /^ ! . We make no distinction between critical points in 
the same orbit. 

The system of equations (3) coincides with the Bethe Ansatz equation of the non- 
homogeneous Gaudin model, see Reshetikhin and the second author [14] and Proposi- 
tion 5.1. 
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Lemma 2.1 For almost all values of A , the set of critical points associated to (Aqo , A) 
is finite. 

Proof The lemma follows from [9, Lemma 2. 1]. D 

3 Populations 

3.1 The 5/2 populations 

In the case of SI2 the dominant integral weights are identified with non-negative integers 
and the system of equations (3) takes the form: 

(4) ---E^^+E^ = 0' 

j = 1, . . . ,/, where A^ G Z>o and A G C The weight Aqo is given by Aqo = 
E:=i a. - 21. 
We set 

n n 

T{x) = J{{x- Zs)^' , F = xl[{x-z,). 
s=l s=l 

Given a tuple f = (?i, ...,?/) we represent it by the polynomial y(x) = n/=i(-''^ ~ ^;)- 
We are interested in the zeros of y(x) and therefore we make no distinction between 
y{x) and cy{x) , where c is a non-zero constant. 

A polynomial y{x) is called off-diagonal with respect to (A, z) if y{x) has only simple 
roots, 3^(0) / and y{zs) / for all 5 = 1, . . . , n such that A, / 0. 

Since (A, z.) is fixed, we often call polynomials y{x) off-diagonal with respect to (A, z) 
simply off-diagonal. 

Lemma 3.1 (T J Stieltjes [17, Section 6.81]) A polynomial y of degree I represents 
an sh critical point associated to (Aqo, A) if and only if y is off-diagonal and there 
exists a polynomial C{x) such that 

(5) F(x) y" - F{x) ln'(x^r(x)) y{x) + C(x) y{x) = 0. 

Proof Equation (4) can be reformulated as the statement that the function y" — ln'(x^ T)y' 
equals zero at x = tj for all j. Therefore (4) is equivalent to the divisibility of the 
polynomial Fy" - F \W{x^T)y' by y(x) . D 
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Note that the coefficients of y" , y' , and y in (5) are polynomials of degree n + l,n, and 
at most n — I, respectively. 

Theorem 3.2 Let y represent an sh critical point associated to (A, z', Aqo , A) . Then 
equation (5) has a solution of the form x'^~^^y{x) where y{x) is a polynomial. If X is not 
a negative integer, then such a polynomial y{x) is unique. 

Moreover, there exists a finite set C(A,z; Aqo) C C such that if A is not a negative 
integer, A C(A, z', Aqo) , and y represents an slz critical point associated to (A, z; Aqo , 
A) then polynomial y(x) represents an sh critical point associated to (A,z; —Aqo, 
-A -2). 

We call y{x) the immediate descendent ofy(x) with respect to A. 

Proof Equation (5) is a Fuchsian differential equation, with singular points at 0, zi , . . . , 
Zn, oo. At the exponents of the equation are 0, A + 1. Therefore, around there 
is a solution of the form u(x) = x^^^y(x) where y{x) is a function holomorphic and 
non-vanishing at jc = 0. Such a solution is unique if A + 1 Z<()- 

At a point Zs the exponents are (0, A, + 1). Since y{Zs) y^ and y is a polynomial 
solution, there is no monodromy around Zs, and thus y(x) is an entire function, cf 
Scherbak [16, Lemma 7]. The function y(x) is a polynomial since equation (5) is 
Fuchsian. 

Denote W(f,g)=f'g-fg' 

the Wronskian of functions/ and g. We have 

(6) W{y,x^+'yix))=x''Tix). 

n 

Thus deg y + deg y = y. ^s ■ 

.v=l 

The polynomial y{x) satisfies the equation 

F{x)y" - F{x) ln'{x-^-^T{x))y'(x) + C{x)y{x) = 0. 

Thus if y{x) is off -diagonal, then the polynomial y{x) represents a critical point associated 
to(A,z;-Aoo,-A-2). 

Finally, we prove that for all but finitely many A , the polynomial y(x) is off-diagonal. 
If y(x) is not off-diagonal, then y{x) has zero of order A^ + 1 at at least one of Zs ■ We 
show that such a pair {y{x), y{x)) is possible for at most finitely many A. 
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Consider a family of polynomials yx{x) = YlXx — tj x) which algebraically depends on 
A and such that y\{x) represents a critical point corresponding to (Aqo, A) for all but 
finitely many A. 

We have a finite number of such families and for all but finitely many A every polynomial 
representing a critical point belongs to such a family. 

Let y\{x) = n;=i(-^ ~ ^i,A) be the descendent polynomial of yx{x). 
From (6) we get 

A+1 ^_^ y^ 1 _ (A+i-on;Li(^-z;)^^- 

Let A tend to infinity. Comparing the main terms of asymptotics of the left and right 
hand sides , we conclude that the limit of y\y\ is T . The polynomial T has zero of 
order A^ at Zs and therefore y\ cannot have a zero of order Ay + 1 at z^ for all but 
finitely many A . It follows that yx has a zero at Zs for only finitely many values of 
A. n 

Corollary 3.3 A polynomial y{x) represents an sh critical point associated to (Aqo , A) 
if and only if degy(x) = /, y{x) is off-diagonal with respect to (A, z) and there exists a 
polynomial y{x) such that Wiy^x-'^^^y) = x'^Tix). 

Note that if y{x) represents a critical point associated to (Aqo , A) and if the descendent 
polynomial y(x) is off-diagonal then y(x) represents a critical point associated to 
(wAoo , w • A) , where w 7^ id is the generator of the SI2 Weyl group. 

The polynomials ^(x) and y{x) may coincide (up to a multiplicative constant). For 
example, if there are no z.^, if / = and y(x) = 1, then y(x) = 1/(A +1). The 
polynomials y(x) and y(x) are constant multiples of each other, but they represent 
critical points associated to different weights (Aqo = 0, A) and (Aqo = 0, —A — 2), 
respectively. 

Assume that A G C is not an integer. Then the unordered pair { (y{x), A), (y{x), — A — 
2) } , is called the SI2 population originated at {y{x), A). Here y{x), y{x) are considered 
up to a multiplicative constant. 

Lemma 3.4 Let A be not an integer. Let P = { (y(x), A), (y(x), — A — 2) } be the sh 
population originated at (y(x), A). Assume that y{x) is off-diagonal. Then y(x) is a 
descendent polynomial ofy{x) with respect to —A — 2 and the population originated at 
(j(x), —A — 2) coincides with P. 
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Proof We have 

cf the Wronskian identities in [9, Lemma 9.2]. D 



3.2 The populations in the case of a general Kac-Moody algebra 

Recall that we fixed a Kac-Moody algebra g = q{A) of rank r, a non-negative 
integer n e Z>o, an n-tuple of g-weights A = (A,)"^j, A, € V^ , and an n-tuple 

z = (z,-)Li £ C" such that zi / and Zi / ?; if / /;'. 

For / = 1, . . . , r, we set 

n 

(7) rKx) = nu-z,)<^"°''>. 

Given a set of numbers t = (?,- )(Zi' " V' > we represent it by the r-tuple of polynomials 

y = {y\, . . . ^jr), where y,(x) = n/=i(-^ ~ V -*' ^ ~ 1' • • ■ > ''• We are interested only 
in the roots of the polynomials y, , therefore we make no distinction between tuples 
{y\, . . . ,yr) and {c\y\, . . . , Cryr), where c,- ai^e non-zero constants. 

An r-tuple of polynomials y is called ojf-diagonal with respect to (A,z) if its roots 
do not belong to the union of singular hyperplanes in (3). Namely y is off-diagonal 
if for / = 1, ...,«, all roots of polynomial y,- are simple, non-zero, different from the 
roots of polynomials yj for allj such that (ay, a,) / and different from the roots of 
polynomial 7,. 

Since A,z are fixed, we often call r-tuples of polynomials y which are off-diagonal 
with respect to (A,z) simply off-diagonal. 

An r-tuple of polynomials y is called fertile in the i-th direction, / € {1, . . . , r} with 
respect to X if there exists a polynomial yi such that 

(8) w(y>,x('^^''^rbd = x^''''-^T^llyr"- 

Then the tuple of polynomials y^'^ := (ji, . . . ,yi, . . . ,y^) is called an immediate 
descendent of y in the i-th direction with respect to A. 

Recall that Si G W are elementary reflections in the Weyl group of g . 

We call an r-tuple of polynomials y(h,i2,--;im) ^ where ik ^ {I, ■ ■ ■ -.r} , k = I, . . . ,m, a 
descendent ofy with respect to A in the directions (i[, . . . , i,„) if there exist r-tuples 
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of polynomials 3;('i>'2v,'t)^ k = I, . . . ,m — I, such that for k= I,. . . ,m, the r-tuple 
y{ii,i2,--.,ik) js Qj^ immediate descendent of y('u'2,---,ik-i) jj^ (j^g /^.jj^ direction with respect 

to (5,-j_, ...ShSi^)■ A. 

An r-tuple of polynomials y is called fertile with respect to A if it is fertile in all 
directions / = 1, . . . ,r. 

An r-tuple of polynomials y is called super-fertile with respect to A if it is fertile with 
respect to A and all descendents -y('i .'sv,'*) of y with respect to A are fertile with respect 

to (5'4 ...Si^) ■ A. 

Theorem 3.5 Let Qhea Kac-Moody algebra. An r-tuple y represents a g critical point 
associated to ( A , z; Aqo , A) if and only if deg yt = li, i = I, . . . ,r,y is off-diagonal with 
respect to (A,z) and fertile with respect to A. Moreover, if an immediate descendent 
ofy in the direction i, j*^'^ = (yi, . . . ,yi, . . . ,yr), is off-diagonal withrespect to (A,z) 
then it represents a q critical point associated to {A,z;siAoo,Si ■ A). 

Proof The first part of the theorem follows immediately from the case of 5/2 , see 
Corollary 3.3. 

To show the second part we show that roots of y'-'^ satisfy system (3), where A is 
changed to Sj ■ X. Let ?■ denote the roots of j,- . 

The equations of system (3) corresponding to coordinates ?■ are satisfied by Theo- 
rem 3.2. 

The equations of system (3) corresponding to coordinates ?• such that um = 0, are 
satisfied because these equations are the same for y and y. 

For any k, such that k / / and aik 7^ 0, choose a root t- of the polynomial y^. Setting 
X = tj in the i-th equation of (8), we get 



1^ M Ai) 1^ ik) ~Ai. 



^ (A + p, a) 



This implies that the equation of system (3) corresponding to the coordinate r- is 
satisfied as well. D 

Note that if the tuple y'-'^ is off-diagonal, then it is again fertile and we can find the 
r-tuple of polynomials y''''i\ However, in general, we do not know if the tuple y'^''' is 
off-diagonal. It is true in the case of slj and almost all non-integral weights A , see 
Theorem 3.2. We have the following conjecture. 
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Conjecture 3.6 An off-diagonal fertile tuple is super-fertile. 

We prove this conjecture for the simple Lie algebras of types Ar, Br, see Theorems 4.5 
and 4.8. 

For an r-tuple of polynomials y and a q weight A, let P(y, A) be the set of all pairs of 
the form (j^'' .'2, ■••,;,.,) ^ (^.^^^ _ ^ ^ ^.^^.^ ) • A) , where 4 G { 1 , . . . , r} , m G Z>o , k= I, . . . ,m, 
and j('i ''2, ■••,'/..) jg g descendent of j with respect to A in directions (/i, . . . , im)- 

We call the set P(y, A) ?/ze prepopulation originated at {y, A). If y is a super- fertile 
r-tuple with respect to A then we call the set P{y, A) the population originated at (y, A) . 

Lemma 3.7 Let y he super-fertile with respect to A and let P he the population 
originated at (y, A). Let (3), A) G P. Then y is super-fertile with respect to A and the 
population originated at {y, A) is also P. In particular, different populations do not 
intersect. 

Proof By Lemma 3.4 we obtain that if y^'^ is an immediate descendent of y in the 
direction /, then y is also an immediate descendent of y'^'^ in the direction /. The lemma 
follows. n 

We call a weight A strongly non-integral if for any element of the Weyl group 5 G W 
and any / G {1, . . . , r} the number {s ■ \,ai) is not an integer. 

Note that if A is strongly non- integral, then, in particular, the weights 5 • A , 5 G W , 
do not belong to the reflection hyperplanes. Therefore the map W ^ W • A mapping 
w G W to w • A is bijective. 

Lemma 3.8 Let A be strongly non-integral and let r-tuples y^ , J2 be descendents of 
an r-tuple y with respect to A in the directions (ii, . . . , /,„). Then the r-tuples y^ , jj 
coincide. 

Proof Lemma follows from the corresponding 5/2 statement, see Theorem 3.2. n 

Let A be strongly non-integral. Let y be super-fertile with respect to A . Let P be the 
population originated at (y, X). For / G { 1 , . . . , r} , let a, : P — > P be the map of the 
simple reproduction in the i-th direction which maps (y, A) to {y'''\si • A). According to 
Lemma 3.8, the map a,- is well defined. By Lemma 3.4 we have aj = id. In particular 
ai are invertible. 

Let A be the subgroup of the group of all permutations of the elements in P generated 
by a/, / = 1, . . . ,r. 
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Conjecture 3.9 There is an isomorphism of groups A —^ W which maps ai to Sj . 

If (y, A) G P then y is a descendent of y in some directions (i'l , . . . , /,„) and we have 
A = w • A for some w ^W. Since A is strongly non-integral, such w is unique and we 
have w = 5,„, . . . Sj^ . This defines a map 

r: P -^ W, 

(9) (y, w • A) I— > w. 

Since y is super-fertile, r is a surjective map. Conjecture 3.9 is true if and only if the 
map r is a bijection for all populations P. 

Note that the map r = T(y, A) depends on the choice of the element (y, X) G P. 
However, if it is bijective for one element of the population, then it is clearly bijective 
for all elements of this population. 

Conjecture 3.9 for the case of sh is proved in Lemma 3.4. 

Below we prove Conjecture 3.9 for simple Lie algebras. 

4 Proof of Conjecture 3.9 for simple Lie algebras 

4.1 The case of sIn+i 

We have roots ai,. . . ,0^ with scalar products (a,-, a,) = 2, (a,-, a,-i-i) = — 1 and 
otherwise. 

We fix weights A = (Ai, . . . , A„), Aqo, points z = (zi, • • • ,Zn)- The weights A^, 
s = I, . . . ,n, are dominant integral sIn-\- i weights and the points Zs, s = I, . . . ,n, are 
non-zero, pairwise different complex numbers. We define polynomials T, as in (7). 

We also fix a strongly non-integral ^Za^+i weight A. 

For any A^-tuple of functions y = (yi, . . . ^y^) and sIn-^^i weight A, we set yN+i = 1 
and define the Unear differential operator of order N + I: 

D(y,X) = id-\n'i^-^^^ ^))...(9-ln'(^;^^^i^^ )) (9 - ln'(ji)) 

yN yi 



(10) = n ^ - 1" 



yN- 



For an A^ -tuple of polynomials y and an slj^^i weight A, let as before the prepopulation 
P = P{y, A) be the set of all descendents of y paired with the corresponding weight. 
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Lemma 4.1 Let y represent an sIn+i critical point associated to (A^o , \) ■ Then the 
prepopulation P contains the elements 

where i = 0, . . . ,N. 

Proof Since y represents a critical point, it is fertile and none of yj has multiple roots. 
Moreover we have the Bethe Ansatz equation (3) for each root of each polynomial yj . 

In particular there exist polynomials yj such that 

Note that if ?• is a root of y,_i then either ydt^ ) / or j,- vanishes at f- 
to order 2. In the former case, in the same way as in Theorem 3.5, we see that the 
Bethe Ansatz equation for the root ?■ of y,_i in the A' -tuple y^'^ is still valid. In 
addition the Bethe Ansatz equations for roots of ji , . . . , y;_2 in the A-tuple y'^''' are 
also satisfied since they are exactly the same as in the A^-tuple y . 

Consider the next equation for j',- 1 : 
We have 

(.s,-A+p,a,_i)- 

(—1 — Ji—i I 

yt-i 

We claim that the integrand does not have residues. Indeed, the residues could occur 
only at the roots ?• of y,-i. If yi{tj ) = then the integrand is holomorphic 
at X = f ■ . If yi(tj ) / then the absence of the residue is equivalent to the 
Bethe Ansatz equation corresponding to f- which is satisfied. Therefore y,__i is a 
polynomial and there exists a descendent y('''~i). 

Similarly, we prove that j(':'-i. ••■.'-"') is a well-defined A'^-tuple of polynomials for 
m = 2, ...,/— 1. D 

If (y, A) G P then we write 

N 

A = w{X) ■ A = A — y^ a,(A)a,, 

where w(A) G W and fl,(A) G M. Define the shifted prepopulation P(y,X) as the 
following set of A/^-tuples of functions: 

P = {(x"'(^)yi,x''^Wy2, . . .,x"''^'^%) I (y, A) G P}. 
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Note that the shifted prepopulation P{y, A) depends on the choice of an element 
(y, A) G P. However, the difference is not very essential: if (y, A) G P and P(y, A) is 
the corresponding shifted prepopulation then there exists a, G M such that the i-th 
function in any A^-tuples in P(y, A) is obtained via multiplication of the r-th function 
of the corresponding A'^ -tuple in P{y, A) by x"' . 

Lemma 4.2 Let y £ P{y, A) . Then D{y, A) = D{y, A) . 

Proof Let (v,/x) G P and let (v'^'^^, • /i) G P be the immediate descendent of 
V with respect to /x in the direction /. Then we have v^ = vt for k / / and 

W(vi, ViX^^~^ '''"'''') = x^^'"'^v;_iV(_|_ir;. The last relation can be rewritten as 

(11) Wix"^^^'\i, vfV'(-^'-^)) = x(^'"') Vi-ix"'-''-''^ v;+i;c"'+'^^¥,-. 

Let 

(v,^) = ((x"'(^)vi,...,x''"(^)vA,),^)G?(3;,A), 
(v('), .,■ • fi) = ((x"'(^''-'^)v® . . . , x""(-^'-^)v®), Si ■ /i) G P(y, A). 

Identity (1 1) reads W{vi, vy) = x^'^'°''^Vi^[Vi^iTi and therefore 

- ln"(v,-) + hi'(v,)(ln'(r,x(^'"')v,_iv,+i) - In'(vO) = 

(12) - ln"(vP) + ln'(v^'))(ln'(r,x(^'°'>v® iv® i) - In'(vf))). 

Compare D{v) with D{v^'^) . All factors but two successive ones in these operators are 
the same. The products of the two middle factors are the same by (12) n 

We call D(y, X) = D the operator associated to the shifted prepopulation P(y, A). It 
follows from Lemma 4.2 if j G P(y, A) then Dyi = 0. 

We use the following notation for Wronskians and divided Wronskians: 

W{uu...,Ui) = det(4-'X=i' 
^t^ ^ = W{ui,...,Ui) 

W iUi,..., Ui) (^(A,a,)r^y-l(;,(A,a2)r2)'-2 . . . (x(^="'-l)r;_i) ' 

/ = 1 , . . . , A'^ + 1 , where m^~ denotes the (/ — 1 )st derivative of u^ with respect to 
variable x. 

Lemma 4.3 Let y either represent an slf^^i critical point associated to (Aqo, A) or 
be super-fertile with respect to A . Then there exist functions ui, . . . , Uf^^i such that 
Dui = 0, yi = Wt(Mi, . . . ,M/) fori= \,...,N + \ and m,x-(^+^'°'+-+"'-i) are 
polynomials for i = \, . . . ,N + \. 
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Proof Let m, to be the first coordinate of the A^ -tuple in the element of P{y, A) 
corresponding to ^('-i''-^, •,1) which is a descendent of y with respect to A in directions 
(/ — 1, / — 2, . . . , 1). If y represents an ^/a^+i critical point with respect to A then such 
an A^-tuple exists by Lemma 4. 1. 

We have Duj = by Lemma 4.2. 

The condition W\ui, . . . ,Ui) = yt follows from the standard Wronskian identities, cf 
[9, proof of Lemma 5.5]. D 

Corollary 4.4 Let y he an N -tuple of polynomials and // = degy,- , / = 1 , . . . , A'. Let 
Aoo be given by (1). Lety represent an sIn+i critical point associated to (Aqo, A) oriet 
y be super-fertile with respect to A. Then the kernel of the operator D{y, A) is spanned 
by functions of the form 

(13) po,pix^^+''''^\ . . . ,p;v^(^+'''"'+-+"'^\ 

where pt is a polynomial of degree degyi + (Aqo, ai + ••• + «;), Pi(0) / 0. The 
only singular points of the operator D(y, A) in C* are regular singular points located at 
Zi , . . . , z,j , and the exponents at Zi, i = I, . . . ,n, are 

(14) Zi : 0, (A,- + p, ai), (A; + p,ai+ aj), . . . , (A,- + p, ai H h aw), 

Conversely, if a linear differential operator D of order N + I has the kernel spanned by 
functions of the form (13) and the only non-zero singular points of D in C* are regular 
singular points at zi,- ■ ■ ,Zn with the exponents given by (14), then the N -tuple y given 
by the divided Wronskians 

yi = W^(po,pix^^^'''''^\ . . . ,A-ix("+^'^-' "^^) 
is super-fertile with respect to A and satisfies deg j,- = li, i = I, . . . ,N. 

Proof For i = 0, . . . ,N,we set 

pi = M,-+ix-(^+'''"'+-+°'\ 

where u\, . . . , un+\ are as in Lemma 4.3. By Lemma 4.3, po, . . . ,pn Si^& polynomials. 

Now, the first part of Corollai^y 4.4 follows from Lemma 4.3 by standard Wronskian 
identities, cf [9, Lemmas 5.8 and 5.10]. 

Conversely, let V be the kernel of the operator D. We have (A'^ + 1)! distinguished full 
flags in V such that the divided Wronskians of all spaces which form the flags are of the 
form x^pix) where p(x) is a polynomial. Namely, for a permutation w G ^a^+i of the 
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set {0, 1, . . . , A'^} we have a full flag J^^. such that the space of dimension / is spanned 

by ;?vK())^(^+''^'"'"'°' . . . ,;?w(;-i)x(^+^)'°"'*'-". 

For each such flag J^^, we have the corresponding element p„ in ^(3^, A). Each element 
Pw is obviously fertile and the immediate descendents of p^ in the i-th direction is 
Pii,i+i)w- Therefore, the A/^-tuple y is fertile with respect to A. D 



Theorem 4.5 Conjectures 3.6, 3.9 hold for the case of si, 



N+l- 

Proof Conjecture 3.6 follows from Theorem 3.5 and Corollary 4.4. 

Conjecture 3.9 in the case of i'Z/v+i follows from the proof of the converse statement of 
Corollary 4.4. D 

4.2 The case of B2 

In the case of B2 we have two roots a\,a2 such that (a\,a\) = 4, (02,02) = 2, 
(01,02) = -2. 

The key observation is that B2 populations can be embedded in sU populations. 
Given a B2 weight A , define the sU weight A"^ by 

(A^(af)^) = (A^(af)^) = {A,a\), (A^(at)^) = (A,^^^), 

where af are roots of SI4 . 
Note that if A is strongly non-integral then A'^ is strongly non-integral. 

Lemma 4.6 A pair y = iyi,y2) represents a B2 critical point associated to (z. A; 
Aoo, A) if and only if the tripley^ = {yi,y2,yi) representsan sU critical point associated 
to (z. A'*; A^, A'*). Moreover there is an embedding P(y, A) -^ P'^iy^, A'^) which 
sends (051,^2), A) G P(y,X) to {(yuhJiXX'') G P^(y^,X^). 

Proof Follows immediately from the definitions. D 

Theorem 4.7 Conjecture 3.9 holds in the case of root system B2 ■ 

Proof Recall the surjecdve maps t : P ^W and t^ : P^ ^ W^ , where W and W^ 
are the 62 and A3 Weyl groups, see (9). Then we clearly have (r(j) • A)^ = r^iy^) ■ X^ . 
By Theorem 4.5, the map t^ is injective. 

Therefore r is injective and hence bijective. D 
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Theorem 4.8 Conjecture 3.6 holds in the case of simple Lie algebras of type Bj^. 

Proof Similarly to the case N = 2, the A^-tuple {y\, . . . , y^) represents a critical point 
of type Bn if and only if the {2N — l)-tuple (yi, . . . , yM~ i , yN,yN- 1, ■ ■ ■ ,yi) represents 
a critical point of type A2/V-1 , see also [9]. The tuple (yi , . . . , yf^/) is super-fertile in Ba^ 
sense because the (2N — l)-tuple (yi, . . . ,yi\/-i,yN,yN-i, • • ■ ,yi) is super-fertile in 
A2N-1 sense. D 

4.3 The case of the root systems of types B, C, D, E and F 

From the 5/2, ^^^3 and B2 cases, we obtain the general case (except for G2). 

Theorem 4.9 Conjecture 3.9 holds in the case of the root systems of types B,C,D,E 
and F. 

Proof Let g be a rank r simple Lie algebra of type B, C,D,E or F. 

The Weyl group of g is a finite group described by the generators and relations: 

W =< ^1, . . . , ^,- > /{sj = (^,-^,)-(""°^)+2 = i^ij=i^_,,^r,i /;•). 

Here < si, . . . ,Sr > denotes the free group with generators s\, . . . ,5,-. 

Note that in our case (a,-, ay) takes values 2, 0, —1 or —2. 

Let A be strongly non-integral, y represent a g-critical point associated to (Aqo, A) and 
let P = P(y, A) be the corresponding population. 

We have the corresponding relations in the populations among descendents: 

• y(-''''>=y, 

• ydj) =y<JA if (a,-, ay) = 0, 

. ydJA = y(j,ij) if (a,-, ay) = -1, 
, yi'J^'J) = yOVjV) if (q,.^ aj) = -2. 

The first relation follows from the case of sh , Lemma 3.4, the second relation is obvious, 
the third relation follows from the case of 5/3, Theorem 4.5, and the fourth relation 
follows from the case of B2 , Theorem 4.7. 

Therefore, P has at most \W\ elements. n 
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4.4 The case of G2 

In the case of G2 we have two roots qi,Q2 such that (a\,ai) = 2, (02,02) = 6, 
(ai,a2) = —3. 

The key observation is that G2 populations can be embedded in C3 populations. 
Given a G2 weight A, define the C3 weight A*' by 

(A^,(af)^) = (AC,(«C)V) ^ ^A^^v^^ {A^,{a^f) = (A,a^), 
where af are roots of C3 . 
Note that if A is strongly non-integral then A'' is strongly non-integral. 

Lemma 4.10 A pair y = (yi, yi) represents a G2 critical point associated to (A, z ; 
Aoo, A) if and only if the triple y^ = (y\Ty2,yi) represents a C3 critical point associated 
to {Af,z; A^, A''). Moreover there is an embedding P(y, A) —>■ P^{y^ ^ X^) which 
sends (651,5*2), A) G P(j, A) to (0^1, j2,ji), A^) G /'^(j^, AC). 

Proof Follows immediately from definitions. D 

Theorem 4.11 Conjecture 3.9 holds in the case of the root system G2. 

Proof Recall the surjective maps t : P —^ W and t'- : P'^ —^ W'' , where W and W*' 
are the G2 and C3 Weyl groups, see (9). Then we clearly have (r(j) • A)'' = r'^iy^) • A'' . 
By Theorem 4.9, the map t^ is injective. D 

To summarize, we have 

CoroUary 4.12 Conjecture 3.9 holds in the case of all simple Lie algebras. 

5 Weyl group actions on Bethe vectors 

5.1 The trigonometric Gaudin operators and Bethe vectors 

Let g be a simple complex Lie algebra of rank r with the Killing form ( , ) . We choose 
a Cartan subalgebra f), simple roots a,-, / = 1, . . . , r. We identify f) with i)* using the 
Killling form on g. Let f ,,£■,,/= 1, ..., r, be the Chevalley generators of g. 
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Let A be the root system, let A-t be the sets of positive and negative roots and let 
= 1)© Z^aGA Sa be the root decomposition. Let e^, a G A, be generators of ga 
such that {ea,e-a) = 1 ■ Let {/i)}j=i,....r be an orthonormal basis of the Cartan algebra 

Set 

I ' 

j=l aeA+ aeA+ 

The trigonometric R-matrix is defined by 

^^ n+z + n- 

r{z) = — 



z-l 

We fix z, A, Aoo , /, A as in Section 2.2. Let Li , . . . , L„ be irreducible g-modules with 
highest weights Ai , . . . , A„ and let V = Li • • • (g) L„ . Let V[/x] C V be the subspace 
of V of all vectors of weight /x. 

We write X^'^^ for an operator X € g acting on the fc-th factor. Similarly we write X^'^''^ 
for an operator X G g (g) g acting on the ^-th and /-th factors. 

The trigonometric Gaudin operators Hj{X), i = \, . . . ,n, are defined by 

HiiX) = A(') + J2 ^^'■'■^to-Ai)- 

j=l,...,n,jj^i 

The trigonometric Gaudin operators depend on A € f) and act in V. The trigonometric 
Gaudin operators all commute, [Hi(X),Hj(X)] = 0, ij = !,...,«. The trigonometric 
Gaudin operators commute with the action of f) on V and therefore preserve every 
weight subspace of V. 

For a given A, common eigenvectors of the trigonometric Gaudin operators //,(A) in 
the weight subspace V[Aoo] can be constructed by the Bethe Ansatz method as follows. 

Let Z = Zi + ••• + /„ . Let c be the unique non-decreasing function from { 1 , . . . , /} to 
{1, . . . , r} such that (1 c~^(/) = Z,-, / = 1, . . . , r. 

Let P(l, n) be the set of sequences / = (/},..., Z-^ ; . . . ; Z" , . . . , ilJ of integers in 
{1 , . . . , r} such that for all Z = 1 , . . . , r, the integer Z appears in / precisely Z, times. 
For / G P(l,n), and a permutation a G S; set a\(i) = a(i) for Z = 1, . . . j'l, and 
as(i) = a(j\ + • • • +js~i + i) ior s = 2, . . . ,n and Z = 1, . . . jV Define 

S{I) = {a e Si\ c((T,(7')) = Z{, for 5 = 1, . . . , « and j = 1, . . . j',. } . 
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For / e P{1, n) we define a vector in V[Aoo] by tlie formula 

Fiv = Fa . . .F-iV\® ■ ■ ■ ® Fp . . . Fp Vn- 

1 7i 1 J" 

For / E P(l,n), a G 5(7), we define a rational function of f = (?,• )'~j'''^ by the 
formula 



where 



l^/,o-(0 — '^o-i(l),...,cri(/'i)(Zi;0 ••• ^a„{l),...,an(jn)(Zn',t), 

1 

'^n,...,r,(z;0 



(fii - ti,) • • • (fi,_i - f^)(fi, - Z) 



We define ?/zg weight function by 

(15) u;(0 = ^ J^ cu/,<x(Oi^/v. 

/eP(/,«) o-65(/) 

The weight function Lu(t) is a rational function of t with values in V[Aoo] ■ 

Proposition 5.1 If t is a critical point of the master function (2) associated to (Aqo , A) , 
then Lo{t) is a well defined vector of weight Aqo in V which is an eigenvector of the 
operators Hi{\ + p + Aoo/2), / = 1, . . . , «. 

Proof Proposition 5.1 follows from the corresponding fact for the rational Gaudin 
operators, see [15] and the relation between rational and trigonometric Gaudin operators, 
see [5, Appendix B]. n 

The vector uj{t) is called the Bethe vector associated to the critical point t. It is expected 
that for generic values of parameters, all critical points are non-degenerate and the 
Bethe vectors form a basis in V . In particular, the number of orbits of critical points 
and thus the number of populations should match the dimension of the subspace of all 
vectors of weight Aqo in V . 

5.2 Counting sIn+\ critical points 

Let La denote the irreducible sl^+i module of highest weight A. 

Proposition 5.2 For almost all X the number of orbits of sl^^i critical points associated 
to (Aqo , A) and counted with multiplicity does not exceed the dimension of the subspace 
of the weight Aqo in the tensor product La, • • • (8> La„ . 
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Proof By Lemma 2. 1 , for almost all A , the number of critical points associated to 
(Aoo, A) is finite. Therefore, there is a Zariski open set O <Z\)* , such that the number 
of orbits of sl^+i critical points associated to (Aqo, A) and counted with multiplicities 
is the same for all A G O. 

If A is a dominant integral weight, then the number of orbits of critical points associated 
to (Aoo 5 A) and counted with multiplicities is bounded from above by the multiplicity 
of La^ in the tensor product L\ La, ■ ■ ■ La„ , see [9, 1]. 

For any integer M > 0, let Cm be the set of all weights A € 1)* such that the scalar 
products (A, a,) are integers greater than M. 

If A G Cm and M is large enough, then any singular vector of weight Aoo in the 
tensor product Lx L\^ ■ ■ ■ La„ is uniquely determined by its projection to 
va Lai ® • • • iS) La„ , where vx is the highest weight vector of Lx ■ Therefore, the 
multiplicity of L\^ in the tensor product Lx La, • • • La„ equals the dimension 
of the subspace of weight Aoo in the tensor product La, (8) • • • La„ - 

For any M £ Z>(), the set Cm is not contained in any proper algebraic subset in [)* and 
thus the proposition follows. D 

Proposition 5.3 For almost all A and almost all (zi, ■ ■ ■ ,Zn) G C" , all of the critical 
points are non-degenerate and the number of orbits of sh critical points associated 
to (Aoo, A) equals the dimension of the subspace of weight Aoo in the tensor product 

La, (8) • • • 8) La„ . 



Proof For almost all A the number of orbits of sh critical points associated to (Aoo , A) 
is the same. 

If A is dominant integral, then the number of orbits of critical points associated to (Aoo , A) 
for generic z equals the multiplicity of La^^ in the tensor product Lx La, • • • La„ 
and all these orbits are non-degenerate, see [16, Theorem 1]. 

For dominant integral values of A which are large enough, the multiplicity of La^ 
in the tensor product Lx La, • • • La„ equals the dimension of the subspace of 

weight Aoo in the tensor product La, (8> • • • (8> La„ . 

In this case, almost all A means all but finitely many and therefore the proposition 
follows. n 
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5.3 Actions of the Weyl group on Bethe vectors 

Let g be a simple Lie algebra, G the corresponding connected and simply connected 
Lie group. The group G acts on any finite-dimensional irreducible representation of q. 
Let f) C be a Cartan subalgebra, and T C G the corresponding torus. The Weyl group 
of g can be described as N/T where N = {g £ G \ gTg^^ = T}. In particular, this 
defines a projective action of the Weyl group on any tensor product of finite-dimensional 
irreducible representations of g. The projective action becomes an action in the zero 
weight subspace. 

We fix our z, A, Aqo, /, A as in Section 2.2. Let Li , . . . , L„ be iiTcducible g-modules 
with highest weights Ai , . . . , A„ and let V = Li (gi • • • ® L„ . Let V[/i] be the subspace 
of all vectors in V of weight /i. Let P{V) = {fi, V[fi] / 0} be the set of all nontrivial 
weights in V. 

We define the dynamical Weyl group acting on V following [18]. 

Let M^ denote the Verma module with highest weight /x, v^ a highest weight vector in 

Let Mfj_,Mx be Verma modules. Two cases are possible: 

a) Hom0(M^,MA) = Oor 

b) }iomg{M^,Mx) = C and every nontrivial homomorphism M^ — > M\ is an 
embedding. 

Let Mx be a Verma module with dominant weight A G P^ . Then Horn g{M^,Mx) = C 
if and only if there is w € W such that fi = w ■ X. 

Let w = Sif, . . . Sij be a reduced presentation of an element of the Weyl group W . Set 
a^ = Q,; and cJ = (i',-, . . . i',v_,)(a,v) for 7 = 2,. . .,k. Let rij = (A + p, (1^)^). For 
a dominant A G P+ , the numbers rij are positive integers. Define a singular vector 

v,^.;^ G Mx by 

(16) V^.;^ = — . . . — VA . 

nil n^i 

This vector does not depend on the reduced presentation, see [18]. 

For all A G P+, w G W, fix an embedding M^^,.x '^->- Mx sending v„,.a to v^.^^. 

We say that A G P+ is generic with respect to V if 

• For any u G PiV) and any v G V[v] , there exist a unique intertwining operator 
^\ : Mx -^ Mx-u ® V such that "^^Cva) = vx-u ® v+ terms of lower weight in 
the first factor. 
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• For any w, w' G W, w ^ W , and any v G P(y), the vector w ■ \ — W • {X — v) 
does not belong to P(V). 

If A = ^j. A,u;,, where uji are fundamental weights and A, are large enough positive 
numbers then A is generic with respect to V . 



Lemma 5.4 [18] Let A G P^ be generic with respect to V. Let v G V[i^] . Consider 
the intertwining operator $^ : Mx —>■ Mx-u ® V. For w £ W, consider the singular 

.. r~ /I/? , ' I 'fii3f-i fry, 



vector v^,.x G M^. Then there exists a unique vector A„{X){v) G V[w(i^)] such that 



'^a(^wa) = ^t-{X~u) '^^w{^){v) + terms of lower weight in the hrst factor . 

For generic A G P^ , Lemma 5.4 defines a linear operator Aw(X) : V ^ V such that 
Aw(X){V[v]) C V[w(i^)] for all u G P{V). This operator is extended to other values of 
A as a rational function of A . 

The collection of rational functions A„(X), w G W, is called the dynamical Weyl group 
acting on V. 

Introduce new linear operators Aw(X) : V ^ V for w € W. Namely, for any 
wG W, i^GP(V), vG VM,set 

Av(A)v =A„{X + iy)v. 

We still have A„{X){V[i^]) C VMu)] for all z^ G P{V). 

Lemma 5.5 [18] 

• For any wi, W2 G W and v G P(V), we have 

(-4„,.,(W2 • A) Ai,,(A)) |i/[i,] = Cv^i^vyj^A,;/ Ai'iW2('^) IvM ) 

where c„^^y^^^x,v is a constant depending onwi,W2,X,u. 

• For any w, wi , wi G W, z^ G PiV), the limits 

Ay(oo) = lim A..(A), Cn,j,v,2,i. = lim Cjv,,vy2,A,i/ 

A— >oo A— >oo 

do exist. Therefore, we have 

Moreover, the collection of operators Aw(oo), w G W, gives the canonical 
projective action ofW on V. 
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• For any vector v € V[iy] and w G W , we have 

Av(A) //,• (a + p + ^) V = //,Yw • A + p + "^^ A.(A) V . 

Proof The first statement follows from [18, Theorems 8 and 10]. The second statement 
is [18, Corollaiy 14]. The statement of [18, Lemma 18], which holds for any root 
system, gives the last statement of our lemma. D 

According to this lemma, if u is an eigenvector of the operators Hi(X + p + |), then 
Aw{X) 1^ is an eigenvector of the operators Hi{w ■ X + p + ^^). 

Let A be generic. Let f be a solution of the Bethe Ansatz equation associated to (Aqo, A) 
and let y be the corresponding r-tuple of polynomials. Then io{t) is an eigenvector of 
the operators //,(A + p + Aoo/2). 

By Corollary 4. 12, for each element w of the Weyl group, we have the descendent wy 
of y obtained via the reproduction procedure. Let wy represent the tuple t^, . Moreover, 
if wy is off-diagonal, then t^ is a critical point associated to (wAqo, w • A) and io{tw) is 
an eigenvector of the operators Hi{w • A + p + wAoo/2). 

We conjecture that the action of the operator A^iX) coincides with the action of the Weyl 
group, induced by the reproduction procedure (when the latter action is well-defined). 
More precisely, we have 

Conjecture 5.6 Let X be generic. Let t be a critical point of the master function (2) 
associated to (Aqo, A) and let y be the corresponding r-tuple of polynomials. Let 
cu{t) G V[Aoo] be the corresponding Bethe vector. Let w G W. Assume that wy is 
off-diagonal. Let wy represent the tuple t„ . 

Then the vector Aw{X) uj{t) is a scalar multiple of the Bethe vector w(f».) . 
Below we prove this conjecture for sh, see Theorem 5.7. 

5.4 The case of sh 

Let Li , . . . , L„ be irreducible finite-dimensional sh modules of highest weights 
Ai,...,A„ G Z>o. Let vi,...,v„ be the corresponding highest weight vectors. 
Let V = L\ ■ ■ ■ ® Lf,. We also fix an « -tuple of non-zero distinct complex numbers 

z = (zi, . . . ,Zn) and Z G Z>o. We set Aoo = E"=i ^-v - 2/. 
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In the case of sh the weight function uj{t) can be rewritten in the following form. We say 
m = (mi, . . . ,m„) G C(A, Aqo) if wis e {0, . . . , A,}, s = 1, . . . ,«, and Yl!l=\ ^s = I- 
Set 

n n miH h'n.i ^ 

vo,n{t) = {W{mj\r')SymJ{ J] -^, 

■ 1 1-11 I 1 ' ^* 

where 5ym denotes the symmetrization with respect to ?i , . . . , f/ . Let 
Then we explicitly have 

meC(A,Aoo) 

Recall that if f is a critical point of the master function (2) then the vector Lo{t) is called 
the Bethe vector. 

It follows from [16], that there exists a Zariski open set Ui = U{A) in C" such that for 
any z G f/i there exists a Zariski open set U2 = U2iA.,z) in C such for all A G U2{z), 
the number of orbits of critical points of the SI2 master function (2) associated to (Aqo , A) 
equals to the dimension of the subspace of V of vectors of weight Aqo = X^v=i A^ — 2/. 
Moreover all critical points are non-degenerate and the corresponding Bethe vectors 
form a basis in this subspace. 

Theorem 5.7 Let w be the generator of the SI2 Weyl group. For z. £ Ui, there exists 
a Zariski open set Ut,(z) C C with the following property. Let A S Uj{z), let t be a 
critical point associated to (Aqo, A) and let y be the corresponding polynomial. Let t^ 
be the tuple represented by the polynomial wy. 

Then all roots of the polynomial wy are simple and the vector .4h (A) Lo{t) is a non-zero 
scalar multiple of the Bethe vector u!{tw) . 

Proof In the sh case i^, /i € C , and the Casimir operator is given hy C = h(>^ h/2 + 

We claim that the joint spectrum of HkiX + p + Aqo /2), k = I,. . . ,n, acting in V[Aoo] , 
is generically simple. Indeed, in the limit X —>■ (yo the main term is given by the 
operators Xh^^\ The joint spectrum of commuting operators h'^'^\ k = 1, ...,«, is 
simple. Therefore H^iX + p + Aoo/2), k = 1, . . . , n, for generic A have a simple joint 
spectrum as well. 

It follows that the dynamical Weyl group maps the Bethe vectors to the Bethe vectors. 
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Now we compare the two actions. We do it in the same limit A ^ cxd. 

The common eigenvectors of operators h^'^ are monomial vectors F'"v . The Weyl group 
of sh is generated by the element w, w^ = id which acts on the weight vectors by 

(17) wCF^'vi • • • F'"'-v„) = cF^'-^'vi • • • F^"-"'"Vn, 

where c is some non-zero constant depending on m,, A,. 

By Lemma 5.5, the limit A -^ oo, the dynamical Weyl group action on the Bethe 
vectors coincides (up to a scalar) with the action of the Weyl group (17). 

Let us consider the limit of the action defined in terms of the reproduction procedure. It 
is shown in the proof of Theorem (3.2) that if y represents an sl2 critical point and y is 
the immediate descendent, then for almost all X, y,y can be included in a family of 
critical points ya , and their descendents ya and in the limit A^ ^^ oo the product yaya 
tends to T = UU(t-Zif-. 

Finally we claim that if the polynomials ya of degree / = Yl'i=[ "^f' represent critical 
points associated to A^ and the limit of ya as A^ tend to oo is YlM ~ ^'')"'' ' ^^^^ ^^^ 
corresponding Bethe vectors tend to a scalar multiple of the monomial vector F'"v . 

For i = 1 ,...,/, let s{i) € { 1 , . . . , n} be such that the i-th root of y , f,- , tends to Zs(i) ■ 
Then we write f,(A) = Zs(i) + c,/A + o(l/A). The Bethe Ansatz equation for tt implies 
that for any j = I, . . . ,n, the set of {c, | s(i) = j} satisfy the Bethe Ansatz equation 
with n = I: 

A; V-^ 2 ^ 

-+ > = 1. 

Ci ^-^ Ci — Cv 

k, k^r, s(k)=s(i) 

These equations are solved explicitly. The solutions are limits of [19, formulas (1.3.2)] 
as /? ^ oo . It follows that all c, with s(i) = j are different from zero and from each 
other. 

Now consider the limit of the corresponding Bethe vector. The dominant term is 

n I 

X'll{mj\r'llci'F'"v. 
j=\ i=\ 

This finishes the proof of the claim and the theorem. D 

Geometry &. Topology Monographs 13 (2008) 



Quasi-polynomials and the Bethe Ansatz 411 

6 Exponential populations 

We considered in detail the trigonometric Gaudin model, where the Bethe Ansatz 
equation takes the form (3). There are other models, where the reproduction procedure 
for the solutions of the Bethe Ansatz equation works in the same way and one obtains a 
transitive and free Weyl group action on each population. One such model, the quasi- 
periodic Gaudin model, is considered in this section, another one, the quasi-periodic 
XXX model, is considered in Section 7. 

We fix our g, A, Aqo, ^, A as in Section 2.2. Let z\, ■ ■ ■ ,Zn be any distinct complex 
numbers. Consider the master function with exponents 

(18) ci>-p(f;Aoo;A) = nne-(^'"')'f nnn^f -z,)-(^-"-) x 

i=\j=l i=\j=\s=\ 

n n (f-4''^/"'"^ n i^wp-^r'^"-''- 

i= 1 1 <;'<i< ;, 1 < (•<;•< rs=\k=\ 

We call t = (f; );Zi " ',. a critical point of the master function with exponents associated 
to(Aoo,A)if 

n I 

(19) -(A,a0-2^-(iy-- + 2^ L ToTT W + 2^70370=^' 

s=l V ^-^ s, s^i k=l V ^k s, s^j 1 '* 

for /= \,...,r,j= 1,...,/,-. 

We have analogs of Propositions 5.2 and 5.3. 

Proposition 6.1 Let g = sl^+i ■ For almost all A the number of orbits of critical 
points of the master function with exponents associated to (Aqo, A) and counted with 
multiplicities does not exceed the dimension of the subspace of the weight Aqo in the 
tensor product La, • • • La„ . 

Proof The number of critical points of the master function with exponents ( 1 8) is finite 
for almost all A, see [6]. 

Replacing the factors e-(^'"')V in the master function (18) with (1 + tf /m)~^^'""^'" we 
obtain a master function of type (2). Therefore the function (18) is the limit of master 
functions of type (2) as m — > oo. The proposition now follows from Proposition 5.2 
and the fact that the number of orbits of isolated critical points of a function counted 
with multiplicity does not change under small deformations of the function. n 
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A different proof of Proposition 6.1 which uses Schubert Calculus is given in [6]. 

Proposition 6.2 Let q = sh- For almost all X G C and almost all (zi, ■ ■ ■ ,Zn) G C" , 
the number of orbits of critical points of the master function with exponents associated 
to (Aoo, A) equals the dimension of the subspace of weight Aqo in the tensor product 
Z.A, • • • Z.A,, ■ Moreover all these points are non-degenerate. 

Proof If A is a large positive integer then the proposition is proved by using methods 
of [12]. The rest is similar to the proof of Proposition 5.3 D 

Let g be a Kac-Moody algebra. As in Section 3.2 we represent a tuple t = (f.- )^Ii' "V' 
by the r-tuple of polynomials y = {yi, . . . ,yr), where y/ = n/=i(-^~ 4 -*> ^ — i, ■ ■ ■ ,r. 
We make no distinction between (ji , . . . , yr) and (ciji , . . . , Cryr) where ci , . . . , c^ are 
non-zero complex numbers. We introduce polynomials J,, / = 1, . . . , r, by formula 

(V). 

We call an r-tuple of polynomials y exponentially off-diagonal if its roots do not belong 
to the union of singular hyperplanes in (19). Namely y is exponentially off-diagonal if 
for i = 1 , . . . , r , all roots of the polynomial y, are simple, different from the roots of 
the polynomials yj for all j such that (ay, a,) / and different from the roots of the 
polynomial Tj. 

We have the corresponding exponential reproduction procedure. Namely, an r-tuple 
of polynomials y is called exponentially fertile in the i-th direction with respect to A, 
/ G { 1 , . . . , r} , if there exists a polynomial yi such that 

Then the r-tuple of polynomials y^'^ = (y\, . . . ,yi, . . . ,yr) is called an exponential 
immediate descendent of y with respect to A in the direction i. 

An r-tuple of polynomials is called exponentially fertile with respect to A if it is 
exponentially fertile with respect to A in all directions / = 1, . . . , r. 

Theorem 6.3 Let Qbe a Kac-Moody algebra. An r-tuple of polynomials y represents 
a critical point of the master function with exponents associated to (Aqo, A) if and 
only if deg y, = h, y is exponentially off-diagonal and exponentially fertile with respect 
to A. Moreover, ify represents a critical point of the master function with exponents 
associated to (Aqo, A) and if the immediate descendent ofy with respect A in the i-th 
direction, y^'^ = (y\, . . . ,yi, . . . ,yr), is exponentially off-diagonal then y'''^ represents a 
critical point of the master function with exponents associated to {siAoo,SiX). 
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Proof The proof is similar to the proof of Theorem 3.5. D 

An r-tuple of polynomials j^'i-'z.--,'™)^ where 4 G {1, . . . ,r}, fc = 1, . . . ,m, is called 
an exponential descendent of y with respect to A in the directions (/i, . . . , /,„) if there 
exist r-tuples of polynomials y'i''2'--,'*)^ ^ = 1, ... ,m — 1, such that for k= I, . . . ,m, 
the r-tuple y^''''i^---''k^ is an exponential immediate descendent of 3;('i''2'-''*-i) with 
respect to 5,^ , . . . Sj^Si^ A in the 4-th direction. 

An r-tuple of polynomials y is called exponentially super-fertile with respect to A if it 
is exponentially fertile with respect to A and all exponential descendents y^'u'i, ■-,>„,) of 
3; with respect to A in the directions (/i , . . . , /„)) are exponentially fertile with respect 
to.s,„, ...5,-,A. 

For any A'^-tuple of functions y and an sl^j^i weight A, we set ja^+i = 1 and define 
the linear differential operator of order N + \: 



N ^ 



D''P{y,X)= n (9 - In' ( 






Proposition 6.4 Let y he an N -tuple of polynomials and Z, = degy,-, / = 1, . . . , A'^. 
Let Aqo be given by (1). Let y represent an sl^^i critical point of the master function 
with exponents associated to (Aqo , A) or ief y be exponentially super-fertile with respect 
to A. Then the kernel of the operator D'^'^^iy, A) is spanned by functions of the form 

(20) po,/'l^^^'"'^^ • • . ,pwe^^•"'+■■■+""^^ 

where Pi is apolynomial of degree degyi + (Aqo, ai + • • • + a,). The only singular 
points of the operator D''''P(y, A) in C are regular singular points located at zi, ■ ■ ■ ,Zn, 
and the exponents at Zi, i = I, . . . ,n, are 

(21) Zi : 0, (A,- + p, ai), (A,- + p,ai+ 02), . . . , (A,- + /), ai H h a^v), 

Conversely, if a linear differential operator D of order N -\- I has the kernel spanned by 
functions of the form (20) and the only singular points of D in C are regular singular 
points at zi, ■ ■ ■ ,Zn with the exponents given by (21), then the N -tuple y given by the 
divided Wronskians 

i = I, ... ,N, is an N -tuple of polynomials which is exponentially super-fertile with 
respect to A and satisfies degyi = h, i = l,- ■ ■ ,N. 
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Proof The proof is similar to the proof of Corollary 4.4. n 

Conjecture 6.5 If an r-tuple of polynomials y represents a critical point of the master 
function with exponents associated to (Aqo, A) then y is exponentially super-fertile with 
respect to A. 

Theorem 6.6 Conjecture 6.5 holds for the case of simple Lie algebras of types Aa^ and 
Bn- 

Proof Theproof is similar to the proof of Theorems 4.5, 4.8. n 

For an r-tuple of polynomials y and a g weight A, we denote P'^'^^iy, A) the set of 
all pairs of the form (y^''''^''''"'\i';,„ . . .st^Sj^X), where m G Z>o, 4- G {1, . . . ,r}, 
k = 1, . . . , m, and 3;('i''2. ■••,';») j^ ^n exponential descendent of y with respect to A in the 
directions (/i, . . . ,/,„). 

We call the set P'^^P(y, A) the exponential prepopulation originated at (j, A). Let an 
r-tuple of polynomials y be exponentially super- fertile with respect to A . We call the 
set P'^^P(y, A) the exponential population originated at (j, A). 

Theorem 6.7 Let q he any simple Lie algebra and let X be a strongly non-integral 
g-weight. Let an r-tuple of polynomials y be exponentially super-fertile with respect 
to X. Then the map P'^^P(y,X) — > WX such that iy,X) i— > A is a bijection of the 
exponential population originated at (y, A) and of the orbit of the Weyl group. 

Proof The proof is similar to the proof of Corollary 4. 12. n 



7 Difference reproduction 

In this section we describe the Bethe Ansatz equation corresponding to the quasi -periodic 
XXX model. In this case the reproduction procedure works in a similar way and one 
obtains a free and transitive Weyl group action on a population. 

Let /j e C be a complex non-zero number. We fix g, A, Aqo, I, X as in Section 2.2. Let 
Zi , . . . , z„ be any distinct complex numbers, subject to the conditions Zi — Zj ^ hZ for 
all i,j G {\,...,n}, ij^j. 
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Consider the exponential XXX Bethe equation on variables t = (n )^.^j'"'^' : 

n M) 



.22) ,(A,"r>/. = n 7 z. + (A.,adh/2 

^■^f -z,-(A„a,-)V2 






where / = 1 , . . . , r , 7 = 1 ,...,/,- . 

As in Section 3.2 we represent a tuple t = (?• )^~j' ''^' by the r-tuple of polynomials 

y = (y\, . . . ,yr), where y,- = n/=i(-''^ ~ V -*> ' = 1, . . . , r. We make no distinction 
between (yi, ■ ■ ■ ,yr) and (ciyi, . . . , c^y^) where ci, . . . , c^ are non-zero complex 
numbers. 

For / = 1, ... ,r, set 

n (Aj,a,) 

7^P(^) = n n (^ - ^^- - (^^' «')''/2 +j^')- 

.v=l ;=1 

An r-tuple of polynomials y is called exponentially difference off-diagonal with respect 
to {A, z',h) if ioi i = I, . . . ,r the polynomial yi{x) has only simple roots, different from 
the roots of polynomials y,„{x + h/2), whenever (a,-, am) / 0, and different from the 
roots of polynomials Tj', yi{x + h). 

A solution t of (22) is called off-diagonal if the corresponding r-tuple of polynomials 
is exponentially difference off-diagonal. 

Lemma 7.1 A polynomial y of degree I represents an sh off-diagonal solution of 
exponential XXX Bethe equation associated to (Aqo, A) if and only if y is exponentially 
difference off-diagonal and there exists a polynomial B{x) such that 

iAs,a)h^ 

X - Zs - 



n 



yix + h)e^^-')^\{ix-zs-'^^^) 



Proof The lemma is proved similarly to Lemma 3.1. D 

Proposition 7.2 Let q = sl^^i . For almost all A the number of orbits of off-diagonal 
solutions of the exponential XXX Bethe Ansatz equations associated to (Aqo, A) does 
not exceed the dimension of the subspace of the weight Aqo in the tensor product 

La, ® • • • I?) La„ . 
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Proof The proof is similar to the proof of the Proposition 6.1 with the help of [8, 
Corollary 4.15]. D 

Proposition 7.3 [ 1 8] Let g = sl2. For almost all X and almost aii (zi , . . . , z„) G C" , 
the number of orbits of solutions t of the exponential XXX Bethe Ansatz equation 
associated to (Aqo , A) such that ti ^ tj equals the dimension of the subspace of 
weight Aoo in the tensor product Lai ■ ■ ■ CS) Z.a„ ■ Moreover all such solutions are 
non-degenerate. 

We now describe the corresponding exponential difference reproduction procedure. 
Denote Wh the discrete Wronskian: 

Wh(fu- ■ ■ Jn) ■= detifiix + (j- l)/i)),y=i,...,w. 

An r-tuple of polynomials y is called exponentially difference fertile with respect to A 
in the i-th direction, / G { 1 , . . . , r} , if there exists a polynomial y, such that 

r 

Whiyt, e^^^'^'^^) = e^^'''"^' T\^\x) J] (3'm(x + h/2))-"- . 

m=[, m^i 

Then the r-tuple of polynomials y*'^ = {y\, . . . ,yi, . . . ,yr) is called an exponential 
difference immediate descendent of y with respect to A in the i-th direction. 

An r-tuple is called exponentially difference fertile with respect to A if it is exponentially 
difference fertile with respect to A in all directions / = 1, . . . , r. 

Theorem 7.4 An r-tuple of polynomials y represents an off-diagonal solution of the 
exponential XXX Bethe Ansatz equation associated to (Aqo, A) if and only if y is 
exponentially difference off-diagonal, degy, = /,-,/= 1, ..., r, and y is exponentially 
difference fertile with respect to A. Moreover, ify represents an off-diagonal solution 
of the exponential XXX Bethe Ansatz equation associated to (Aoo, A) and if the 
exponential difference immediate descendent ofy with respect A in the i-th direction, 
y'''^ = (yi, ■ ■ ■ ,yi, ■ ■ ■ ,yr), is exponentially difference off-diagonal then y'''^ represents 
an off-diagonal solution of the exponential XXX Bethe Ansatz equation associated to 
{siAoo,SiX). 

Proof The proof is similar to the proof of Theorem 3.5, cf [10] and also [13, 8]. n 

An r-tuple of polynomials y('i^'2'--''i"\ where m G Z>o, it ^ {i^, ■ ■ ■ ^r}, k = I, . . . ,m, 
is called an exponential difference descendent ofy with respect to A in the directions 
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O'l, . . . ,im) if there exist r-tuples of polynomials y'l-'z.--,'*)^ k = \, . . . ,m — \, such 
that for k = I, . . . ,m, the r-tuple j('i''2v,'t) jg ^jj exponential difference immediate 
descendent of 3;('i''2v,'t-i) y^jt^ respect to Sif,_^ . . . si^Sj^X in the 4-th direction. 

An r-tuple of polynomials y is called exponentially difference super-fertile with respect 
to A if it is exponentially difference fertile with respect to A and all exponential 
descendents j('i.'2v,'-n) of y \^i[\^ respect to A in the directions (/i, z'l, • • • , im) are 
exponentially difference fertile with respect to s,„, . . .si^X. 

For any A/^-tuple of functions y and an sl^+i weight A, we set yn+i = 1 and define 
the linear difference operator: 

^f- \ yi+\{x + ih/2) yi{x + {i + \)h/2) 

i eh(\a^)T^{x + (2/ -s+ l)h/2)\ 
y T,{x + {2i-s-\)h/2) ) ' 

where dh is the operator acting on functions of x by the formula dhif{x)) =f{x + h). 

Let V be a space spanned by functions of the ty^e p^e^'^'^ , p\e^^^ , . . . ^p^e^'^^ where p,-, 
i = 0, . . . ,N, are polynomials and A, G C, / = 0, . . . ,A^. We say the space V has no 
base points if for any z G C there exists/ G V, such that/(z) / 0. 

Assume V has no base points. For / = 2, . . . , iV, let [/,■ be the monic polynomial of the 
greatest possible degree such that Wh(f\ , . . . ,fi)/Ui is a holomorphic function for all 
fi, . . . ,fi £ V. Following [8], we call an A^ -tuple of monic polynomials (Ji, . . . , Tn) a 
frame of space V if for i = 2, . . . , N we have Uj = 0/=! Yi'sJi '^M + (■^ ~ ^)h)- 

Lemma 7.5 Let V be a space spanned by functions of the type 

poe^'>-\p,e^^-\...,PMe^--\ 
Let V have no base points. Then there exists a unique frame ofV. 

Proof Theproof is similar to the proof of [8, Lemma 4.9]. n 

Proposition 7.6 Let y be an N -tuple of polynomials and U = degy,-, / = 1, . . . , A^. 
Let Aoo he given by (1). Lety represent an off-diagonal solution of sIjm^i exponential 
XXX Bethe Ansatz equation associated to (Aqo , A) or let y be exponentially difference 
super-fertile with respect to A. Then the kernel of the operator 0^''^(j, A) is spanned by 
functions of the form 

(23) po,;^le(^'"'^^...,;^;v^(^•"'+■■■+"~^^ 
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where /?,■ is a polynomial of degree degyi + (Aqo, ai + • • • + a,). Moreover, the 
N -tuple 

(24) (T'f'\x), rf (X + h/2), ..., Tf{x + {N- l)h/2)) 

is the frame of the kernel of the operator D'j^'\y, A) . 

Conversely, if a linear difference operator D of order N + \ has the kernel spanned by 
functions of the form (23) with the frame (24) then the N -tuple y given by 

W/,(;70,pie(^'"')^ . . . ,p,-_ig^^-^^=! ''h 

i = I, ... ,N, is an N -tuple of polynomials which is exponentially difference super- 
fertile with respect to A and satisfies degyi = !{, i = I, . . . ,N . 

Proof The proof is similar to the proof of Corollary 4.4. n 

Conjecture 7.7 Let g be any simple Lie algebra. If an r -tuple of polynomials y 
represents an off-diagonal solution of the exponential XXX Bethe Ansatz equation 
associated to (Aqo, A) then y is exponentially difference super-fertile with respect to A. 

Theorem 7,8 Conjecture 7. 7 holds for the case of simple Lie algebras of types An and 
Bn- 

Proof Theproof is similar to the proof of Theorems 4.5, 4.8. n 

For an r-tuple of polynomials y we denote P'f^^iy, A) the set of all pairs of the form 

(y^'^''^'-'''"\si„, . . .ShSi^X), where m G Z>(), i^ G {l,...,r}, k = l,...,m, and 
y(ii,i2,. ..,!„,) is an exponential difference descendent of y with respect to A in directions 

(,'!)•••! hn) ■ 

We call the set Pl^'^iy, A) the exponential difference prepopulation originated at (y, A). 
If an r-tuple of polynomials y is exponentially difference super-fertile with respect to 
A, then we call the set P^f^^iy, A) the exponential difference population originated at 

iyA). 

Theorem 7.9 Let q be any simple Lie algebra and let X be a strongly non-integral 
g-weight. Let an r-tuple of polynomials y be exponentially difference super-fertile 
with respect to A. Then the map P^^^{y, A) -^ WA such that (j, A) i— > A is a bijection 
of the exponential difference population originated at (y, A) and of the orbit of the Weyl 
group. 

Proof The proof is similar to the proof of Corollary 4. 12. D 
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